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ON THE MULTIPLICATIVE COMPLETION OF CERTAIN

BASIC SEQUENCES IN Lp, 1 < p <«.(!)
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ABSTRACT. Boas and Pollard proved that given any basis  \f \°°-,   for  L2{E)

one can delete the first k basis elements and then find a bounded measurable

function  M  such that  i^/„}~=fe + 1 is total in   L2(E),  that is, the closure of the

linear span of the set \Mf : n > k + 1¡ is   L2(E).   We improve this result by weak-

ening the hypothesis to accept bases of LP(E), 1 < p < oo,  and strengthening the

conclusion to read serially total, that is, given any  f e L2(E)  one can find a se-

quence of reals {aj~=fe + 1  such that  2^=J¡, + 1 aUfn converges to / in the norm.

We also show that certain infinite deletions are possible.

1.  In this paper we strengthen and generalize the following result by Boas

and Pollard [l].

Theorem Ll. // \f 1°°-, zs an orthonormal set which is not complete, but can

be completed by the addition of a finite number of functions to the set, then there

is a bounded measurable function M such that \Mf ]°°-,   is complete.1 ' 7!   72 -1 l

The strengthened theorem can be viewed as a first step toward changing

totality into serial totality in [2].

Theorem 1.2.   Le£   \cf>   \°°=x  be a system of functions defined on the measur-

able set E C [0, l],  \E\ > 0, and forming a normal basis for  LP(E),  1 < p < oo.

Then, for any integer N .  there exists a measurable function M, 0 < M(x) < 1, such

that for any given function f in  LP(E), there is a series

oo

(1.1) X    aAMcpj),        ak  a real number,

k-NQ

with the properties

(a) the series (1.1) converges in  Lp to f;

(b) a, —» 0 as k —> oo.
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2. The main tool in the proof of Theorem 1.2 is the following

Lemma 2.1. Let <£ = \cf>  : tz = 1, 2, • • • ! be a normalized basis for L  (E),  1 <

p < oo, f a measurable function finite almost everywhere on  E,   and

i

Mix) = Y, cíXe     with E = U  Ei and ° <ci< l-

2=1        ' ' 2=1

Then given  e > 0 and a positive integer n,   there exists a measurable set  e0  and

a  <$>-polynomial P = 2?*=   hieß,   such that

(2.1) e. C£  and  \e A < (, where   \eA  is the Lebesque measure of e„;

(2.2) \bk\ <e for n <k <m;

(2.3) \\MP - f\\{E\eo) =■ \\(MP - f)X(E\eJ < <■>
(2.4) ||M 2f_   b ,cf>k\\p < f + 11/11^,    for all n < s <m, and every measurable

subset e of E\eQ.

Proof.   The lemma follows immediately from Lemma 3 of Talalyan [3Î-

3. Proof of Theorem 1.2. The required function will be a certain infinite pro-

duct. The individual factors of this product are inductively determined. Let ( =

2   "        and, for each  22,  choose a positive  8   < e    so that

(3.1) ||c¿.||r < t /3,        i=l, 2, ...,«,    whenever  |G\ < 8 ." '   2 " O 22 ' '       ' 22

Applying Lemma 2.1 with M(x) = 1  to <pl, we choose a set Dj  whose com-

plement E,  has measure less than <5 , and a ^-polynomial

P

*(1,1)

X b/Pi-,     where   v(l, O) = N11" — 7-7

7=V(1,0) + 1

satisfying the following conditions:

(3.2) |è.| <fj,  if 17(1, 0) </ <v(l, 1);

(3.3) Ux~PxA\Dx<H/l;

(3.4)

for all measurable subsets  e  of D

sup

v(l,0)<s<v(l,l) 7=V(1 ,0)+l

b.ch. <i+UAYe>

Define

(3.5)
1,       if x £ D

MA[x)
cv    if x £ Ev

/here

sup

v(l,0)<s<v(l,l) 7=v(l,0) + l
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With the help of M     we will be able to extend approximations analogous to

(3.3) and (3.4) to the whole set and obtain estimates appropriate to the first step.

In fact, it follows from (3.3), (3-1) and the definition of M t   that

(3.6)

,1-M1P11||<||çi1-P11||i,i + ||cA1-M1P11||Ei

< f/3 + 11^1^+ cillpn¡l£l < fx/3 + f/3 + f/3 = fx,

and by virtue of (3.4) and the definition of M ,, we obtain for v(l, 0) < s < v(l, l)

(3.7)

Mx        £ bjcß]

;=V(1,0) + 1

Z    m,
y=v(i,o)+i

M , Z tíqh]
,=v(l,0)+l

t+W + (t)^1 + t

Again, Lemma 2.1 allows us to choose, for  z = 1, 2,   sets  D      with respective

complements  E 2j and  ^-polynomials  P 2i = ^=v[\ ¿_ j \ + i &•<£■» with i/(l, 1) <

i/(2, 0) < i/(2, l) < v(2, 2),  satisfying the following conditions:

(3.8) \E2i\ <82/2,  i = 1, 2;

(3.9) |fcy| <e2, i/(2, 0)<;<v(2, 2);

(3.10) ||(c/>1 - M1P11) - M^^llo^ <e2/3;

(3.11) H02-M1P22llD22<f2/3;

(3.12) sup

v(2,0)<ss.v(2,l) /=v(2,0)+l

c2

i   - M P    \\p
i     "r  11 He

for all measurable subsets  e  of D    ;

(3-13) sup

v(2,l)<s<y{2,2)
Mx        £ ¿.«0.

;=v(2,l)+l
<7+l*,K<i+7

for all measurable subsets  e  of D.,.,.

(3.14)

Define

(3.15)

where

Let D    = D     nD      and E, = E,.  U £

M2(x)

22"

1,       if x £ D,;

if x e£  ;

e2

C2 = T l1+ L   L SUP b.é.
n

!;=v(m,*-l)+l

With the help of M 2  we will be able to extend approximations analogous to

(3.10) through (3.13) to the whole set and obtain the second-step estimates.   In
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fact, it follows from (3.10), (3.14), (3.8) and (3.1) that

||<p1 -MxM2(Plx + P21)|| < Ul - M1iPn + P2A\\D   + U1 - MlM2(Pn + P

[February

21'"E.

<f2/3 + ||<p1||E2 + c2(||Pn|| + ||P

< f,/3 + f-,/3 + i,/3 = e,,

21'

and by virtue of (3.12) and (3.15) we obtain for v(2, 0) < s < iv(2, 1)

MXM2 Z ¿>;<Py      =    M,        Z *ytfy
7=17(2,0)+l ;=v(2,0) + l

M,M2        Z        fc,-0y
7 = v(2,0) + l

<f2/2+||<p1-M1P11||P + (Í2/3)í'

< e2 + (fl)p < íj + e2.

Similarly,   ||(p2 -zM^P^H < c2, and for  v(2, l) < s < 1/(2, 2),

Mp^ E *y<Py
;=V(2,1)+1

<   1 + Í.

Now we show that the estimates of the first step are weakened only slightly

by the introduction of M 2.   As a matter of fact, (3.6) and (3.7) are changed only

by the introduction of an additional  f. .

||<p1-Al1Ai2P11||<||<p1-M1P11||D2+||rp1-M1zM2P11||ß2

< fj + Uih2 + c2IIpiJe2 < (1 + f2/3 + f2/3 < fi + er

and for Kl, 0) < s < v(l, l),

p

M^2       E        b.cp.

7 = v(l,0) + l

!,     E     ¿.«p.
1        *-" 77-7

;■»(!,0)+l

M XM2 Z fcy^y

7=V(1,0)+1

< 1 + fj + («2/3)" < 1 + (2 +e{.

Suppose we have completed the first zz  steps; tnat is, for each pair (m, k)

with 772 = 1, 2, •• -, tz  and k = 1, 2, , Z72, we have

(3.16) 4>k~     n«f     2>y,
\«=1 /   7=fe

72

< z v
7-272
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sup

(m.k- l)<s<v(m,k)

(3.17)

\¿ = 1      /  ;=v(m,i-l)+l

n

y.     (.,       if  m > k;

7 = 77!-

and

(3.18)

1 + 5^  f->    if »i = k;
j=m

\b .1 < e   ,    for all  1/(772, O) < 7 < 1/(722, 772).
1     /' 77! '   —

Now successively apply Lemma 2.1, with M=   Iln_, M .,  to the functions

(3.19)
^ = ̂ -ín^jíz^j'  *=i,2,...,«,

* +1 = <¿ +.•
71 + 1 ^72 +1

By virtue of Lemma 2.1, we may choose, for k = 1, 2, • • • , 72 + 1,  sets D^+   ,

with respective complements  E  +x ,, and ^-polynomials

v(n+\,k)

Pn+lk= £ bfa
j = v(.n+l,k- 1) + 1

where An, 72) < v(n + 1, O) < v(n + I, l) < • • • < v(n + 1, ra + l),  satisfying the

following conditions:

(3-2°>    l£7i + lJ<WU+l);

(3.21)    |fc;.|<fB+1,        i/(n + 1, 0) <;'< 2/(72 + 1, ra + 1);

(3.22)
\-[U^APn + ll Jill

3   ;
n + lk

(3.23) sup
v(n + l,k-l)<s<v(n + l,k)

n m,.     r    b.*.
2 = 1        /  ;=v(n + l,ife-l) + l

^^+1**1:.

for all measurable subsets  e  of D   + , ,.

(3.24) L*tDn+1 =n»=>n+1¡ and E„ + 1 = Ujß E„+1 ,.   Next, define

(3.25)

where

!1, if  X ÊO        ;
C    ..,      if   X  e E    , ,;

72+1' 72+1'
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n+1

72+1   - 3

(22+1       272

1   +    Z      Z SUP
272=1 fe = l   v(m,k- l)<s<v(m,k)

E     W
j=v(m,k-l) + l

With the help of M   +,   we will be able to extend approximations analogous to

(3.22) and (3.23) to the whole set.   In fact, it follows from (3.22), (3.19), (3.24),

(3.1) and   (3.25) that

n+1       \    72+1

<Pk-[ UmA E pjk
y=i   / i=k

^k-(üApn+1
1+1

(22 + 1 \     72+1

n m. z p
2=1 /    j=k

jk

( + 1

fn+l/3  +  e„ + l/3   +   f22+l/3=f22 + r

Similarly,

sup

v(n + l,k-l)<s<v'n + l,k)

n + 1        \ s

n al )    e    b.<p.
1=1 / j=v(n+l,k- 1) + 1

<^ + i/2 + HV + ̂  + /3)P<ll\P^„+1

if   + e   .,,     if & < m + 1;
I    72 72 +1' '

<

1 + e   , ,,      if A = n +■ 1.
22 + V

Now we show that the estimates of the first «  steps are weakened only

slightly by the introduction of M   +. .   Indeed,  (3.16) and (3.17) are changed by no

more than an additional  e  +..   Let ztz < 72 + 1  and k < m; then by (3.20), (3.1),  and

(3.25)

/t2 + 1 \        222

V=i     / ;-*

tk-lntALp»
K rl + 1

77+1

72+1 \        272

n *0 e p,
2-1       /   j=k

n+1

sZ',
f72+l f72+l
-3-  +  —,

Similarly,



1973] COMPLETION OF CERTAIN SEQUENCES IN  Lp, 1 < p < <*> 505

sup

v{m,k- \)<s±v(mik)

'» + 1       \ s

IT m-       Z      *,*,■
./=!       /  7 = 2/(7?!, fe-l) + l

€., if   772 > k;

72+1

z
j~m— 1

7! + l

1 + Z v   if

Therefore inequalities (3.16) and (3.17) hold for ra + 1  and hence for all natural

numbers.

We have constructed a sequence of measurable functions  \M Xa-,   with

0 < M .(x) < 1 and

(3.26) Z II*: M/x) ¿ 1|| < £ |£.| < Z e, = Z 2"¿"2 = *.
f=l 2=1 2 = 1 1 = 1

The sequence of partial products  li"_, M . forms a nonincreasing sequence of pos-

itive functions.   Hence

(3.27) M(x) = lim J] M¿M
7!     ¿=i

exists, is measurable and satisfies  0 < M(x) < 1.

Fix a pair  (772, k) with m ~>k.    Since the norm is an absolutely continuous

set function, we can find a S > 0 such that, whenever the measure of a set G is

less than  S,  we have

/ v{m,k) \P

l*JC + M Z Pn
,=fe

Z ll^yllc        <2
\72=2/(m,fe_l) + l /

-772-1

Now choose  ra  large enough so that

B = < x:  JJ M .(x) / 1 /     ha.s measure less than 8.

We obtain

<^-A1Ep,7
j=k

(3.28)

4>k-   IM- )ZPjk
VE\B

<Pk~MZ  Pjk
7=A

< 2" 2-7
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Similarly,

(3.29)
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sup

v(m,k- l)<s<v(m,k)

b.cb.
2-m+2,     ifm>k;

2, if   772 = k.

M Z
j~v(m. Jfe-1)+1

Now we are ready to show that given any function / in LP(E), we can find a

series S a M<f>. with 1X722, O) < /' < 1X722, 222), ttz = 1, 2, • • • , which will converge to / in

the norm.

In fact, if  Z. _. a ,ci¡    is the Schauder basis expansion of /,  then

S   _, Sr=, zz,P   ,   converges to / in the norm.

Let f > 0 be given.   Choose N ,   so that

(3.30) Z ak(Pk - ¡
k = i

< T,     for all 72 > N,.
5 L

Setting a = sup,   \a , \,  choose  N 2> N x   so that,  a • n • 2   " < f/3,  for all ra > N 2.

By virtue of (3.28) we obtain

Z Z akMPik - Z "k<f>k      Z «Jm Z p,, - <J>t
7=1   fe=l 1 = 1 s=l

(3.31)

<z «
4=1

MZ p,-^
;=*

/*

7 = fe

<72 . a . 2~n <-.

Last, choose N , > N 7  so that

(3.32) \21/p • a  I < e/3,    whenever  ra > z\L.

By virtue of (3.30) and  (3.31) we obtain

Z Z 'h*pih-f(3.33)

Obviously,

= 1 fe=l

< -i,     for all ra > Ny

, + 1

< -*-,     for all 72 > NyZ Z *kMPjk+ Z HMPmk-f
7=1 *=i 4=1

If we add in only part of the second sum, that is,  2™ = 1 a(jMPn + I fe with 222 < ra + 1,

then it is easy to see from (3.28) that the basis elements  ci., i = 1, 2,- • • , 722, will

be approximated better than before, by  2

calculations in (3.31), we find that

-72-1
instead of by  2     .   Hence via the

2e
<T(3.34) Z  Z akMPjk+T. akMPnnk-f

7=1 k-i fe=i

Lastly, if we add to the summations in (3.34) only part of the  ^-polynomial

a    ,,MP   ,,     ...  let us say Ss_,,,   ,.     . ,. a    ,,b .Mo     where v(n + 1, m) < s <
772+1 71+l77!+l' ' 7  -V (72+I ,77! ) + l       77! + 1     7      ~J '

i/(ra + 1, 772 + l),  then (3.29) and (3.32) in addition to (3.34) give us
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(3.35) E    E   "kMPjk+Z   akMPn + lk
7=1   fe = l î=l

+ E a„nbjM<f>j-f
7 = V(j2 + l,222)+l

<e,

whenever zz > /V3, m < n + 1,  and  v(n + l,m) < s < v(n + l, m + l). Thus, as a con-

sequence of (3.33), (3.34) and (3-35), we obtain the desired series convergence.

Furthermore, the coefficients of Mcf>. go to zero, since the an  ate bounded by a

and the b . go to zero.

The following remark is an immediate consequence of the above proof.

Remark 3. 1.  One can always delete certain infinite collections of the basis

elements without affecting the conclusion of Theorem 1.2.

Proposition 3.2.  The function M defined in Theorem 1.2 z's positive almost

everywhere.

Proof.  By virtue of (3-26), (3.27) and the definitions of M   , 22 = 1, 2, • • •, we

have M(x) = n°°_. M  (x), where
22-1      n

(a) M  (x) is measurable and  0 < M  (x) < 1;

(b) if E   = \x: M  (x) 4 l!, then 2°û_,  \E   I < ~.
72 22 ' 72  -1    '      72 '

M(x) is positive almost everywhere since the product defining M(x) has infinitely

many factors different from unity only on the set lim sup E . But (b) insures that

|lim sup En\ = 0.

Definition 3.3.  \cf>   S^.j is serially total in  Lp if and only if for any function

f £ Lp we can find a series  2r = 1 a.cpf,   which converges to f in the norm.

Theorem 3.4.  Let  \cf>  !°° = 1  be a normalized basis for  LP(E),   E C [O, l],  1 <

p < 00.   Then, given any natural number m and e > 0,  there exists a set  G = G(t72, a),

G contained in  E and satisfying   \G\ > \E\ - e, such that  \cf>  S°°_     z's serially

total in Lp(G).

Prool.   By virtue of Theorem 1.2 we can find a bounded measurable function

M  such that  <A1cpnS~=m  is serially total in LP(E).

Choose a > 0 so that  \[x: M(x) > a]\ > \E\ - e; denote this set by G.   We

assert that \<pn\™=m  is serially total in LP(G).   To see this, take any / in LP(G)

and any positive 8.   If cp is the element of LP(E) that agrees with f on G and.

vanishes outside of G,  then Meß e LP(E).   Hence, by Theorem 1.2,  there is a

'k =722 ak^<^k'  w'tn ak ~~* ®'  Wlt^ converges to Mcp in the norm; that is,

McS- Z   a Mcp, < aS,     for all 72 > N(a, 8).
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Now

/-  Z   a$k = JG W/W-Z  *k<rk(*))  dx
\ 4=772 /

< fc Mp(x)lf(x) -  ¿   ak<pk(x)\   dx
\ 4=77! /

< _£  U(x)ci(x)-  £   flfe/M(x)0fe(x)J   dx

Mcf> -  Z  akM(Pk   ^k
< ap8p.

< 8,     for all ra > N(a, 8).

Hence,

7!

f - Z a^k
k~m

Since 8 may be taken to be arbitrarily small we have

¡c/>, ]T-       is serially total in  LP(G).
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