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ON THE MULTIPLICATIVE COMPLETION OF CERTAIN
BASIC SEQUENCES IN L?, 1 <p <eo(1)

BY
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ABSTRACT. Boas and Pollard proved that given any basis {fn}::q for LAE)
one can delete the first k& basis elements and then find a bounded measurable

function M such that {an}‘:__.kﬂ is total in LZ(E), that is, the closure of the

linear span of the set {an: nzk +1} is LZ(E). We improve this result by weak-

ening the hypothesis to accept bases of L E),1 < p <, and strengthening the

conclusion to read serially total, that is, given any f € L2(E) one can find a se-
00

quence of reals {an}n =441 such that 2::=k+l anM[n converges to f in the norm.

We also show that certain infinite deletions are possible.

1. In this paper we strengthen and generalize the following result by Boas
and Pollard [1].

Theorem L1 If {f }., is an orthonormal set which is not complete, but can
be completed by the addition of a [inite number of functions to the set, then there

is a bounded measurable function M such that tMf }*_  is complete.

The strengthened theorem can be viewed as a first step toward changing

totality into serial totality in [2].

Theorem 1.2. Let {¢ 1., be a system of functions defined on the measur-
able set E C[0, 1, |E| > 0, and forming a normal basis for LP(E), 1 <p <es.
Then, for any integer N there exists a measurable function M, 0 < M(x) <1, such
that for any given [unction [ in LP(E), there is a series

o
(1.1) > o,Mg,), a, areal number,
k=N0
with the properties
(a) the series (1.1) converges in L? to f;

(b) ak—dOask—bw.
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2. The main tool in the proof of Theorem 1.2 is the following

Lemma 21. Let ® = {an: n=1,2 +++} be a normalized basis for LP(E), 1<
p <o, [ a measurable function [inite almost everywhere on E, and
j i
Mx) =3 cxg with E=|J E; and 0<c ;<L
i=1 ! i=1
Then given €> 0 and a positive integer n, there exists a measurable set e and

a ®-polynomial P = 27_ b b, such that
(2.1) e CE and |eol <€, where |e0| is the Lebesque measure of e ;
(2.2) |bk| <e€ for n <k <m;
(2:3) IMP = [l g\ ) = 1P = DxceNepll <
(2.4) |M EZ__,n bk¢k“5 <e+ "/”Z’ for all n <s <m, and every measurable
subset e of E\eo.

Proof. The lemma follows immediately from Lemma 3 of Talalyan [3].

3. Proof of Theorem 1.2. The required function will be a certain infinite pro-
duct. The individual factors of this product are inductively determined. Let €, =

27n-2 and, for each n, choose a positive 3n <€, so that

3.1) "‘?5,"(; < en/S, i=1,2,+++,n, whenever |G| < S

Applying Lemma 2.1 with M(x) = 1 to ¢1, we choose a set D whose com-

plement E| has measure less than 0, and a ®-polynomial
v(1,1)
Py = Y, b.é,, where V(1,0)=N0.
7=v(1,0)+1

satisfying the following conditions:

(3.2) Ib].| <ep, if U1, 0) <j<ull, 1)

(3.3) "‘751 - Pll“Dl < 51/3§

s 14

7=v(1,0)+1

€
(3.4) sup <-§1-+ "‘751“5:’

»(1,0)<s<v(1,1)

e

for all measurable subsets e of D r

Define
1, if xeDy,
(3.5) M (x) =
1 ¢, if x €E,,
where -1

S
i=v(1,0)+1

€
cl=-—l- 1+ sup
3 v(1,0)<s<v(1,1)
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With the help of M, we will be able to extend approximations analogous to
(3.3) and (3.4) to the whole set and obtain estimates appropriate to the first step.
In fact, it follows from (3.3), (3.1) and the definition of M| that

“¢1‘M1P11"_<_ H¢‘1"P11"Dl+ "¢1_M1PHHEI
(3.6)
Sfl/3+H¢1HEI+CINPHiIEl561/3+el/3+el/3=61,

and by virtue of (3.4) and the definition of M, we obtain for (1, 0)<s <ull, 1)

] V(l 0)'1

fl o fl 4
§7+”¢1" +<‘§> ST+ep

s b

M X

j=v(l,0)+1

S
LR DR S

i7v(1,0)+1

+
Dl

(3.7) £

Again, Lemma 2.1 allows us to choose, for i = 1, 2, sets D ,; With respective
complements E,. and ®-polynomials P, = 2]’/(12/(’2)1_1)“ b ¢ ., with (1, 1) <
v(2, 0) < (2, l) < (2, 2), satisfying the followmg condltxons

(3.8) IEZil <0,/2,i=1, 2

(3.9) |b,| <¢,, 12, 0) <,' <2, 2);

(3.10) [, ~M,P ) =M Pl <ey/3;

(3.11) ”¢2 M P22l|D22 <e€ /3

s 4
(3.12) sup My 2 b <_+ lipy - M, P 112
v(2,0)<ssv(2,1) 7=v(2,0)+1 .
for all measurable subsets e of D,
s b .
2 €2
(3.13) sup M, > bidil < 5+ i M8 <1+ 5
v(2,1)<s<v(2,2) F=V(2,1)+1 e

for all measurable subsets e of D22

(3.14) Let D,=D, ND, and E ,=Ey UE
Define
1, if x¢ D2;
(3.15) M (x) =
2 . -
c,, if x€ E2;
where

S

L b

i=v(m, k-1)+1

62 2 m
+ 2 X sup
m=1 k=1 vim, k- <s<v(m,k)

With the help of M, we will be able to extend approximations analogous to

(3.10) through (3.13) to the whole set and obtain the second-step estimates. In
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fact, it follows from (3.10), (3.14), (3.8) and (3.1) that

l|‘751'Mle(Pn+ le)" < "¢1-M1(P11+ P21)||D2+ I|‘fbl“Mle(Pn +le)"E2

< ‘2/3 + "¢’1“E‘2 + Cz(lan" + "PZIN)
Se/3+6/3+¢6,/3=¢,

and by virtue of (3.12) and (3.15) we obtain for (2, 0) <s <¥(2, 1)
v

14 14

S
MM, X b

i=v(2,0)+1

S

M, X b,

7=v(2,0)*1

S
MM, X b

i=v(2,0)+1

+
D2.

E,
<2+ |l =M PP+ (e,/3)P
<ey+(€)P <6+ ey

Similarly, |l¢2 -MM,P 22“ < €,, and for (2, 1) <s <w(2, 2),

s
MM, X b

i=v(2,1)+1

<1+€2'-

Now we show that the estimates of the first step are weakened only slightly
by the introduction of M,. As a matter of fact, (3.6) and (3.7) are changed only

by the introduction of an additional ¢, .
"¢'1 - M1sznll < "¢’1 - MIP11“D2 + l|‘151 - M1”’2"’11"52
Se+ ||¢1||E2 + c2||P“|lE2 Se +6,/3+6)/3< € + ¢y,
and for 11, 0) <s <u(l1, 1),
14

s p

[, DIR X3

14
] B |
7=v(1,0)+1

1+€1+(€2/3)p<1+62+€!».

S
T g,

j=v(1,0)+1

S
MM, 2 b,

7=v(1,0)+1

+
b,

E,

IN

Suppose we have completed the first 7 steps; that is, for each pair (m, k)

with m=1,2,-++,n and k=1, 2, -+, m, we have

(3.16) é - (n Mi) z Pall < 2z

i=1 i=k i=m
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n S 14
Sup <n Mi Z bi¢i
i

(m.k-<s<v(m,k) ||\ ;=1 i=v(m, k- 1)+1

(3.17) .Z € if m>k

and
(3.18) |bj.| <e ., forall vim 0)<j<v(m m
Now successively apply Lemma 2.1, with M= H;’__.l M, to the functions
n n
Ye=¢n- (11 M Pk
(3-19) l=1 ’=k
Yoer=der

By virtue of Lemma 2.1, we may choose, for £ =1, 2, -++, n + 1, sets Dn+l L

k=l, 2,"‘7”9

-

with respective complements E, +1 ;> and ®-polynomials
v(ntl,k)

Prz kT Z biqu’

jSv(ntl,k-1)+*1
where Un, n) <vln + 1,0 <vln + 1, D<---<vln+ 1,7 + 1), satisfying the
following conditions:

(.20 |E_,,,I< 8,41/ (n+1);

(3.21) bl <€, v+ 1,00<ji<vln+1, n+ 1)

n €
(3.22) Wk-<g M)P o1 <5
=1 Dotie
n S 4 € 4
(3.23) sup IT , ) bl <224y,
Vintl,k-1)<s<v(n+1,k) i=1 JTUntl,k=~1)+1 7 2 ¢

e

for all measurable subsets e of Doty

+1
(G.24) LeteD = VID 4, and B,y = U E . Next, define

1, if x € Dn"‘l;
(3.25) M, (x)=

C,+pp if x€ E +p

where



504 B.-A. BRAUN [February

-1
s

j=V(m, k—1)*1

ntl m
€n+1

ntl~ T3 1+ ¥ X sup

m=1 k=1 v(m,k-1)<s<V(m,k)

Cc

With the help of M_,, we will be able to extend approximations analogous to
(3.22) and (3.23) to the whole set. In fact, it follows from (3.22), (3.19), (3.24),
(3.1) and (3.25) that

n+l ntl
¢k“<n M; )3 P

i=1 i=k
n ntl ntl

<Y - HMi Pk + |19 - an’ EP;k
;=1 i=1 =
’ Do+ ! ! E, 4

Sev/3+€ /3 +¢€,0/3=¢€ 4
Similarly,
ntl s 4
e n M, ) bi¢],
vintl,k-1)<s<V(n+1,k) i=1 = vin 1k 1)1
S €n+]/2 + ”‘Pkup + (€n+l/3)p S “‘pk“p + en"’l

{en +e 4y if k<m+ I

L+e,,, ifk=n+l

<

Now we show that the estimates of the first n steps are weakened only
slightly by the introduction of M_,,. Indeed, (3.16) and (3.17) are changed by no
more than an additional €, ,,. Let m <7 + 1 and k < m; then by (3.20), (3.1), and
(3.25)

n+l m
¢k_ HMZ' Zij

i=1 i=k

n m ntl m
<% - HMi ijk +”¢k”l;'n + HM1>Zij

1=1 j=k Dn+1 i=1
7 € €
ntl ntl
< E €. F ——mmm b ———
- = 3 3
j=m

Similarly,



1973] COMPLETION OF CERTAIN SEQUENCES IN L?, 1 <p <o 505

ntl s 14
sup IT », DI ¥
Vim, k- 1)<s<v(m, k) ||\ ;=1 i=V(m, k= 1)+1
ntl
y €5 if m> k;
jTm-1
ntl

L+ Y€, if m=k
j=m

Therefore inequalities (3.16) and (3.17) hold for » + 1 and hence for all natural
numbers.

We have constructed a sequence of measurable functions fMi}?q with
0<M/(x)<1 and

(3.26) M PR TRPETED IFES DRAED P Llas s
i=1 i=1 i=1 i=1

The sequence of partial products l]? M, forms a nonincreasing sequence of pos-

=1
itive functions. Hence

n
(3.27) M(x) = lim [T M,(x)
n =1
exists, is measurable and satisfies 0 < M(x) < 1.
Fix a pair (m, k) with m > k. Since the norm is an absolutely continuous
set function, we can find a 8 > 0 such that, whenever the measure of a set G is

less than 8, we have

1Bl +

V(m, k) 4
+ Z “Mb]¢1"6 <2—m-l.
G n=V(m,k~-1)*1

m
M3 P,
ick

Now choose 7 large enough so that

o0
B =<{x: n Ml.(x) £1 has measure less than &.
We obtain o

m
bp-M 2 Py
v

(3.28)

<

¢k‘<HMi ijk +

m
B-M T P,
i=1 ik E\B =k

B

< 2—m-l N 2—m—1 _2-m,
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Similarly,

S

Moox bib;

j=V(m, k=1)*1

L R LT TR
(3.29) sup

V(m, k= 1)<s<V(m,k)

2, if m = k.

Now we are ready to show that given any function f in L?(E), we can find a
series EaJMqu with im, 0)<j <UUm,m)ym=1, 2, ..., which will converge to f in
the norm.

In fact, if 2:__.1 aquk is the Schauder basis expansion of f, then
3 Z¥-, 4P, converges to [ in the norm.

Let €¢> 0 be given. Choose N, so that

Z a by -

Setting a = sup, |a,|, choose N,>N, sothat, a-n 27" <¢/3, forall n>N,.
By virtue of (3.28) we obtain

(3.30) < 3 for all n> N,.

n n

E 5 wiru- £ ut,

]Elak szjk‘¢k>

k=1 i=k
(3.31) "
< MZP ~dll<n a2 <l
Last, choose N3 >N, so that
(3.32) |21/p . an| <¢/3, whenever n> N,.
By virtue of (3.30) and (3.31) we obtain
nd 2e¢
(3.33) 2 Z < L for all n > N,.
= k=1
Obviously,
ntl 26
Zl kz aMP ., + Z GMP ., — || <3 forall m> N,
j 1

If we add in only part of the second sum, that is, Ek = GMP . withm <n+1,
then it is easy to see from (3.28) that the basis elements ¢, i =1, 2,-+-, m, will
be approximated better than before, by 27"~ ! instead of by 2™". Hence via the
calculations in (3.31), we find that

26
aMPk+ZaMP e

i=1 k=1 ?

Lastly, if we add to the summations in (3.34) only part of the ®-polynomial

(3.34)

a,  MP .1 41, let us say 2;=v(n+1,m)+1 ameJMqS]., where v(n + 1, m) <s <
v(n + 1, m + 1), then (3.29) and (3.32) in addition to (3.34) give us
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n j m s
35 DX GMP L 3 aMP X a,416MP; - [ <e,
(3.35)
=1 k=1 k=1 =(n*1,m)*

whenever n > N3, m<n+1, and vin + 1,m) <s < vin + 1, m + 1). Thus, as a con-
sequence of (3.33), (3.34) and (3.35), we obtain the desired series convergence.
Furthermore, the coefficients of MqS]. 80 to zero, since the a  are bounded by a
and the b}. 80 to zero.
The following remark is an immediate consequence of the above proof.
Remark 3. 1. One can always delete certain infinite collections of the basis

elements without affecting the conclusion of Theorem 1.2.

Proposition 3.2. The function M defined in Theorem 1.2 is positive almost

everywbere.

Proof. By virtue of (3.26), (3.27) and the definitions of M,n=1,2,..., we
have M(x) = H:q Mn(x), where

(a) Mn(x) is measurable and 0 < Mn(x) <1

(b) if E, =1{x: Mn(x) # 11, then 2*_, |E,| < e
M(x) is positive almost everywhere since the product defining M(x) has infinitely
many factors different from unity only on the set lim sup E,. But (b) insures that
|lim sup E_| = 0.

Definition 3.3. f¢0n}:°=1 is serially total in L? if and only if for any function

f € L? we can find a series 2::1 a,$, which converges to [ in the norm.

Theorem 3.4. Let {¢n}:=1 be a normalized basis for LP(E), E C[0, 1], 1<
p <. Then, given any natural number m and ¢ > 0, there exists a set G = G(m, ¢),

G contained in E and satisfying |G| > |E| — €, such that {¢n}:=m is serially
total in LP(G).

Proof. By virtue of Theorem 1.2 we can find a bounded measurable function
M such that {M¢n }:._.m is serially total in L?(E).

Choose a >0 so that |[x: M(x) > al| > |E| - ¢ denote this set by G. We
assert that {(}Sn }::m is serially total in L?(G). To see this, take any [ in L?(G)
and any positive 8. If ¢ is the element of L?(E) that agrees with f on G and,
vanishes outside of G, then Mo € LP(E). Hence, by Theorem 1.2, there is a

series E:=m aqu.’)k, with @, — 0, with converges to M¢ in the norm; that is,

M - Y a,Mp,

k=m

<ad, forall n>N(a, §).
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Now

14 n b

fG ab (/(x) -y akqsk(x)) dx

ab

1]

[- X 4,

k=m

k=m

G

n 14

< J (10 - T a0 ax

k=m

n b
< Jl-:‘ M(x)qS(x)—k; akM(x)¢>k(x) dx
14
< abd?,

n
M$ - 3 a,Mp,
k=m

Hence,

<8, forall n>N(a, d).

G
Since & may be taken to be arbitrarily small we have

-2 @b
k=

m

{¢,1r=,, is serially total in L?(G).
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